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Abstract 

Some properties of the 4-dim Riemannian spaces with metrics 

ds^ = 2{za-i — ta^^dx^ + 4:{za2 — tas)dxdy + 2(zai — ta2)dy^ + 2dxdz + 2dydt 

associated with the second order nonhnear differential equations 

y" + ai{x,y)y'^ + 3a2{x,y)y'^ + Sa^ix , y)y' + a4{x , y) = 

with arbitrary coefficients ai{x, y) and 3-dim Einstein- Weyl spaces connected with dual equa- 
tions 

b" = g{a,b,b') 

where the function g{a, b, b') satisfied the partial differential equation 

9aacc + 2cgabcc + 2ggaccc + Qbbcc + 2cggbccc + g^Qcccc + {ga + cgb)gccc - ^Qabc- 

-Acgbbc - cgcgbcc - ^99bcc - 9c9acc + '^9c9bc - ^9b9cc + ^9bb = 

are considered. 

1 Introduction 

The second order ODE's of the type 

y" + ai(x, y)y'^ + 3a2(x, y)y''^ + 3a3(x, y)y' + 04 (x, = (1) 

are connected with nonlinear dynamical systems in the form 

dx \ dy . dz 

— = P{x,y,z,ai), — = Q{x,y,z,ai), — = R{x,y, z, ai), 
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where ctj are parameters. 

For example the Lorenz system 

X^a{Y-X), Y ^rX -Y - ZX, Z = XY-bZ 

having chaotic properties at some values of parameters is equivalent to the equation 



where 



a 



y 

b + a + l 



X 



3 1 ^ 

y" - -/ + {ay - -)y' + exy"" - PxY - P^V - IV^ + 5^ = 0, 



(2) 



0" CT^ a 

and for investigation of its properties the theory of invariantes was first used in [1-5]. 

According to this theory [6-10] all equations of type (1) can be devided in two different classes 

I. 1/5 = 0, 

II. 1/57^0. 

Here the value is the expression of the form 

= L2{LiL2x — L2L1X) + Li[L2Liy — LiL2y) — aiL^ + 3a2LiL2 — 3asLiL2 + a4L2 

then Li, L2 are defined by fomulas 

d d 

Li — ^(^4j/ + 80204) ~ ^'^"^^^ ~ O1O4) — 803(2032^ — O21) — O4O1J;, 

d d 

L2 = ^("1^ ~ 80103) + -Q^{(^3y - 2a2a; + 0104) " 802(03^ - 2o2a;) + 01042/- 

For the equations with condition — R. Liouville discovered the series of semi-invariants 
starting from : 



W2 



where 
or 

where 
and 



It has the form 



Li 



7"4 
-^2 



Llia'Li - a"L2) + Ri^LD^ - LIRi^ + L^R^^a^L^ - 04L2) 



Ri — L1L2X ~ L2L1X + 02i^i — 1a^LiL2 + 04L2 



L2(q;'L2 - aLi) - R2{L\)y + LlR2y - L2-R2(oi-^i - 02-^^2) 



R2 — LiL2y — L2Liy + ttiLi — 2o2-£'i-£'2 + 03Z/2 

a2y - aix + 2(0103 - O2), a' = a^y - 02^ + O1O4 - O2O3, 
a" = a^y - + 2(0204 - 03). 



Wm+2 = Lr 



dwr. 



, dL2 dLi 



- L2^ \-mWm{- „ 

oy ox ox ay 
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In case Wi — there are another series of semi-invariants 

di2m J di2m , ^ . ,dL2 dLi^ 

«2m+2 = Li— h 2mZ2m(^ 

ay ox ox ay 

where 

. _ 3i?i dL2 _ dLi 
Li dx dy 
and corresponding sequence for absolute invariants 

_ ^2m 
•^2m — 

In case ^'5 7^ the semi-invariants have the form 

du^ dv^ dL2 dLi 

= Li— L2^— + mUm{^ 

oy ox ox oy 



and corresponding serie of absolute invariants 



r-, / T 2/5 dtm-2 J. dtjn-2. 
[5tm - {m - 2)t7tm-2\l^5 ^ ^^^^~d^ ^2 ) 



where 

, —m/5 



2 Riemannian spaces in theory of ODE's 

Here we present the construction of the Riemannian spaces connected with the equations (1). 

We start from the equations of geodesical lines of two-dimensional space A2 equipped with 
affine (or Riemannian) connection. They have the form 

x + r\,x^ + 2r\,xy + rl,f^o, 

y + Tl,x^ + 2Tl,xy + Tl,f = 0. 
This system of equations is equivalent to one equation 

y" - rl,y'' + {rl2 - 2r\2)y'' + (2r?2 - rl,)y' + = 

of type (1) but with special choice of coefficients ai{x,y). 

The equations (1) with arbitrary coefficients ai{x, y) may be considered as equations of geodesies 
of 2-dimensional space A2 

X — Qsx^ — 2a2xy — oiy^ = 0, 
y + a^x^ -\- 2a^xy -\- 02^^ = 
equipped with the projective connection with components 



-as 


-a2 


, n2 = 


-02 


— ai 


04 


as 




03 


02 
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The curvature tensor of this type of connection is 

and it has the components 

-^112 = «3j/ - 0'2x + 0104 - 0203 = a', -R212 = «2y " dix + 2(aia3 - al) = a, 

-R112 = O-Sx " O^Ay + 2(03 — 02(14) = —Ol\ -R212 ~ ^2a; ~ ^Sj^ + 0302 — 0104 = —OL. 

For construction of the Riemannian space connected with the equation of type (1) we use the 
notice of Riemannian extension of space A2 with connection li^- [12] . The corresponding 
metric is 

and in our case it takes the following form (^1 = 2;, ^2 = t) 

ds^ — 2(2^03 — Tai)dx^ + 4(^02 — Ta^)dxdy + 2(2;ai — Ta2)dy^ + 2dxdz + 2dydT. (3) 
So, it is possible to formulate the following statement 

Proposition 1 For a given equation of type (1) there is exists the Riemannian space with metric 
(3) having integral curves of such type of equation as part of its geodesies. 

Really, the calculation of geodesies of the space with the metric (3) lead to the system of 
equations 

d'^x (dx\ 2 dx dy (dy\ ^ 

ds^ ^ \ds J ^ ds ds ^ \ds J ' 

d'^y (dxV dxdy ( dyV 



ds^ 



(dx \ dx dy 

— 1 + 2[2;o3j, - r(o32; + «")] ——+ 

. , , , ( du\'^ dx dz dx dr dy dz dy dr 

+ a) - r(a,, + 2a')] (^-| j + 2a,-- -2a.^-+ 2a, f- - 2a, f- = 0, 

d'^T ( dx\ dx dy 

— + [z{a3y - 2a') - T{a2,x - oi")] ( — J + 2[z{a2y -a)- ™2x]^^+ 

,. , ( dy\^ dx dz dx dr dy dz dy dr 

-r[za,y - r(ai. + «)] + 2a2^^ - 203-- + 2oi-- - 2o2-- = 0. 

This system of equations has the integral 

2(2:03 — Ta4)i;^ + 4(2:02 — T03)i;y + 2(2:01 — ro2)y^ + 2xz + 2yT — 1. 

Remark that first two equations of this system are equivalent to the equation (1). 
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Thus, we construct the four-dimensional Riemannian space with metric (3) and connection 



-as 
a4 

z{a4y - a") - ra^x 
z{a3y - 2a') - r{a3x - a") 

-02 
03 



-02 

03 

zasy - r{a3x + a") 03 -04 

z{a2y - a) - Ta2x 02 -03 



-oi 
02 








zasy - r(a3a; + a") z{a2y + a) - t(o2x + 2q;') 02 
z{a2y - a) - T02x zaiy - T{aix + a) oi 






-03 
-02 



r4 = 



0000 
0000 

03 02 

02 Oi 
The curvature tensor of this metric has the form 







-a4 
-03 







-03 

-02 



pi — 

-"-112 — 



R3 _ 
"-"-312 — 



F?2 _ d4 _ ^/ pi _ _ p4 _ p2 _ _ p3 _ 

'^212 — -'•'412 — " ) -'"'212 — -'•'312 — -'•'112 — -'''412 



-"-312 



R1 
^412 



R2 

-"-312 



R2 
^il2 



0, 



-"-112 



2z{a2(y" — a-^a') + 2r(a4Q;' — 030;"), 
i?2i2 — 2z{a3a' — 02a;) + 2t(o3q; — 02Q;'), 

i?2i2 — z{(^x ~ ^'y'^ OiCt" — O3Q;) + t(q;^' — CK^ + O4Q; — O2Q;"), 

R\i2 = -2^(0;^ — CKo; + OiCk" — O3Q;) + t(q;^ — a'y + O4Q; — 02Q;"), 
Using the expessions for components of projective curvature of space A2 

Li — a'y — a'j. + 02Q;" + 04Q; — 2030;', 

L2 — Oi'y — ax + ttia" + 03Q; — 2a2Q;', 

they can be presented in form 



-^112 — ^{^2 + 202Q;' — 2030;) — r(Li + 2030;' — 2040;), 



R 



■212 



-L2 + 2aia" — 2a2Q;') + r(Li + 2030;' 2a2Q;"), 



-R13 — 






a' 






-a' 














R\A — 



R 
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R 



'j34 



•24 
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The Ricci tensor — R\ik oi the space has the components 

= 2a", R\2 — 2o;', R22 — 2q;, 
and scalar curvature R = g^^g^^^Rnm of the space is i? = 0. Now we introduce the tensor 

Liijk ^ kRij ^ jRik Rij;k Rik,j- 

It has the following components 

L112 = —-^121 — 2ivi, L221 = -^212 — — 2L2 

and with help of them the invariants of equations (1) may be constructed using the covariant 
derivations of the curvature tensor and the values Li, L2. 
The Weyl tensor of the space is 

1 R 

Ciijk — Rlijk + ^{djlRik + dikRjl — djkRil — dilRjk) + -^{gikdil — gjldik)- 

It has only one component 

^^1212 = tLi — zL2. 

Using the components of Riemannian tensor which are not zero 

-R1412 = Oi\ R2A12 — Oi\ i?23i2 = —0C-, -R3112 = Oi I 
-R1212 — z{ax — oly-\- a\ol' — 2a20i + 030;) + t{ay — a'^ — a^a + 2030;' — 030;") 
the equation 

Rab — ^Qab — 

may be investigate. 

With help of the Weyl tensor the properties of invariantes of the space may be investigated. 
In particular, all invariants of the second order of the space M'^ are equal to zero. 

Remcirk 1 The spaces with metrics (3) are flat for the equations (1) with conditions 

a = 0, a' = 0, a" = 0, 

on coefficients ai{x,y). 

Such type of equations have the components of projective curvature 

Li = 0, L2 = 

and they are reduced to the the form y" = with help of points transformations. 

On the other hand there are examples of equations (1) with conditions Li = 0, L2 = hut 

a 0, 0, a" 7^ 0. 

For such type of equations the curvature of corresponding Riemannian spaces is not equal to zero. 
In fact, the equation 

y" + 2e^y'^ - ^yy'^ + ^,y' - 26^^ = 

where the function (f{x,y) is solution of the Wilczynski-Tzitzeika nonlinear equation integrable by 
the Inverse Transform Mehod. 

^,y = 4e2v - e-^. 

has conditions Li = 0, L2 = hut 

a ^ 0, a' ^ 0, a" ^ 0. 
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Remcirk 2 The properties of the Riemann spaces with metrics (3) for the equations (2) with 

chaotical behaviour at the values of coefficients {a = 10, b = 8/3, r > 24) have a special 
interest. The Riemannian spaces of this type are characterized by the special conditions on the 
curvature tensor and its invariantes. 

The study of the geodesic deviation equation 

— ^ + 2r^— ^ + -TT^-, = 

ds^ ds ds ox^ ds ds 

also may be usefull for that. 

Let us consider some applications of soliton theory to the study of the properties of equations 

of type (1). 

They are based on the presentation of the metrics (3) in the form 

ds^ — 2z{a^dx'^ + 2a2dxdy + a-idy"^) — 2T{a4dx^ + 2asdxdy + a2dy'^) + 2dxdz + 2dydT, 

or 

ds"^ = 2zds\ — 2Tds\ + 2dxdz + 2dydT. 

Let us consider some examples. 
For the equation 

y" + H\x,y)y'' + 3y'^0 

we have the metrics 

ds^ = 2z{dx'^ + H^dy'^) - Ardxdy + 2dxdz + 2dydT. 
containing two-dimensional part 

dsi'^ = dx'^ + H^dy^, (4) 
which is connected with theory of the KdV equation 

Ky + KK^ + K^^^ = 

on the crvature K{x, y) of the metric (4). 
For the equation 

/ + / + 3cosi/(x,y)/ + y' = 
corresponding metric is connected with integrable equation 

Hxy = sinH. 

With the equations of type 

y" + ai{x,y) = 

a 4-dim Riemann space with metrics 

ds"^ — —2Taidx^ + 2dxdz + 2dydT 

and geodesies in form 

X = 0, y + 04(0;, y){xf' = 0, f + aiy{xYT = 
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z — Ta^xiiY — 2Ta^yXy — 2aixf — 

are connected. 

For the equations 

y" + 303(2;, y)y' + ai{x, y) = 
corresponding Riemann space has the metric 

ds^ = 2(2:03 — Ta4)dx^ — ira^dxdy + 2dxdz + 2dydT 

and geodesies 

X — a^x^ = 0, ij + 2a3xy + a^x"^ = 0, 
f — 203x7" — 032^x^2; + {uiy — 2a-i — 2o3j;)i;^T = 0, 
z + 2o3i;i - 2(o3y + ai^x)f + [(03^; + 2o3^)i;^ + 2o32;i;y]2; - {a^^^x^ + 2(04^; - 2o3)iy + 2azyip'\T = 0. 

Let us consider the possibihty to investigate the properties of the equations (1) using the facts 
from theory of embedding of Riemann spaces into the flat spaces. 

For the Riemann spaces of the classe one (which can be embedded into the 5-dimensional 
Eucledian space) the following conditions are fulfield 

Rijki — bikbji — biibjk 

and 

bij'^k bijf'j 

where Rijki are the components of curvuture tensor of the space with metrics ds"^ = gijdx^dxK 

Applications of these relations for the spaces with the metrics (2) lead to the conditions on 
the values Oj(x, y). 

For the spaces of the classe two (which admits the embedding into 6-dim Eucledean space with 
some signature) the conditions are more complicated. They are 

Rabcd — e-l{uJac^hd — ^aS^bc) + ^2{\c^bd — \d^bc), 

^ab;c — ^ac;b = ^2{tc^ab — h^ac), 
Aa6;c — Aac;6 = —ei{tcUJab — tbUJac), 
ta;b ~ ta;c — ^ac^b ~ ^ac^b- 

and lead to the relations 

abed nmrs pqik r> r> p ri 

t t t J^ohnm^cdpq^rsik — 

and 

^cdmn T> r>ab Q„ „ ^cdmnj. j. 

e ^abcd^mn — —°^1^2^ l'c;d'^m;n 
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3 On relation with theory of the surfaces 

The existence of metrics for the equations (1) may be use for construction of the surfaces. 

One possibihty is connected with two-dimensional surfaces embedded in a given 4-dimensional 
space and which are the generahzation of the surfaces of translation. The equations for coordinates 
y) of such type ofthe surfaces are 

dxdy dx dy 

Prom the condition of compatibility of this system it is possible to get the coefficients ai{x, y) 
and correspondent second order ODE's. 

Another possibility for studying of two-dimensional surfaces in space with metrics (3) is con- 
nected with the choice of section 

x^x, y^y, z^z{x,y), T^T{x,y) 

in space with metrics (3). 
Using the expressons 

dz — Zxdx + Zydy, dr — r^dx -\- Tydy 

we get the metric 

ds^ — 2{zx -\- za^ — Tttijdx^ + 2{tx + Zy + 2za2 — 2Taz)dxdy -\- 2{Ty + zai — Ta2)dy^. 

We can use this presentation for investigation of particular cases of equations (1). 
1. The choice of the functions z^ r in form 

Zx + za^ — Ttti = 0, 

Tx-\- Zy-\- 2za2 — 2ra3 = 
Ty + zai — Ta2 — 
are connected with flat surfaces and are reduced at the substitution 



to the system 



^xy = Cl3^y " Cl2^x, 

$yy = a2^y -ai^x- 



compatible at the conditions 



a = 0, a' = 0, a" = 0. 
2. The choice of the functions z = ^x,t = satisfying to the system of equations 

^xx = - a3^x, 
%y = a2^y - ai^x 



9 



with the coefficients ai{x,y) in form 

^4 ^xxxi ^3 -^xyyi ^2 -^xyyi ^1 ^yyy 

where the function R{x, y) is the solution of WDW-equation 



^xxx-^yyy ^xxy-^xyy 1 



are corresponded to the equations (1) 

y ^yyyV ~^ ^^xyyU "^^xxyU ~l~ Rxxx 0- 

The following choice of the coefficients Oj 



lead to the system 



a4 = —2a;, ai = 2a;, as = — , a2 — 



^xx + —^x + ^u;^ = 0, 

CO 

^yy + 2CU$^ + = 



with condition of compatibility 



-Jn^ = 4a;^ + - 
oxoy UJ 

wich is the Wilczynski-Tzitzeika-equation. 

Remcirk 3 The linear system of equations for the WDW-equation some surfaces in 3-dim pro- 
jective space is determined. In the canonical form it becomes [13] 



y 



(b — R a> 4- ( ^^^y — _ -^^a:a:a:-^'-a:a:y _ ^ 

^xx ^xxx^y ' \ n a n / ' 



p E>2 p p 

^yy riyyy^j. ' \ 2 ^ 2 ~ ^' 

The relations between invariants of Wilczynski for the linear system are correspondent to the 
various types of surfaces. Some of them with solutions of WDVV equation are connected. 



Remcirk 4 From the elementary point of view the surfaces connected with the system of equations 
like the Lorenz can be constructed on such a way. From the assumption 

z = z{x,y) 

we get 

a{y — x)zx + {rx — y — zx)zy — xy — bz. 
The solutions of this equation give us the examples of the surfaces z — z{x, y). 
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Remcirk 5 Let us consider the system of equations 

for the Killing vectors of metrics (3). It has the form 

iix = -osCi + + {zA - ta4x)6 + {zE + tF)^4, 
U = -aiCi + 026 + {zC + tD)^3 + {zaiy - tH)^^, 
iiy + 6x = 2[-a2Ci + 036 + {za^y - tB)^s + {zG - ta2x)ii, 
iiz + 6x = 2 [03^3 + 02^4] , in + C4x = 2 [-046 - 03^4] , 
6z + 62/ = 2[a2C3 + 01^4], 6t + = -2[a36 - 02^4], 
6. = 0, U = 0. 

In particular case ii{x, y) 

6 = ^4 = 0, ^i^^i{x,y) 

we get the system of equations 

iix = -03^1 + 046, i2y = + 026, 

ily + 6a; = 2 [-02^1 + Ca^] 

equivalent to the system for the z=z(x,y) and r — t{x, y) 
Remark 6 The Beltrami- Laplace operator 

^ ^dx^dx^ '^dx^' 

can he used for investigation of the properties of the metrics (3). For example the equation 

A* = 

has the form 

{taA - za^)-^^^ + 2(^3 - za2)-^zt + {ta2 - zai)'^tt + '^xz + = 0. 

Some solutions of this equation with geometry of the metrics (3) are connected. 
Putting the expression 

* = exp[zA + tB] 

into the equation 

A* = 

we get the conditions 

A^%, B^ 

and 

a^<^l - 2a3^x% + a2^l - %<^xx + ^x'^xy = 0, 

03$^ - 2a2^x% + dl^l - %^xy + ^x%y = 0, 
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Using the equation 



f^JL^ = 

dx^ dx^ 



or 



F^F, + FyFt - {ta^ - zas)F,F, - 2{ta^ - za2)F,Ft - (tos - zai)FtFt = 0. 

it is possible to investigate the properties of isotropical surfaces in space with metrics (3). 
In particular case the solutions of eikonal equation in form 

F = A{x, y)z^ + B{x, y)zt + C{x, y)t^ + D{x, y)z + E{x, y)t 

are existed if the following conditions are fulfilled 

2AA^ + BAy - aiB^ - Aa2AB - Aa^A^ = 0, 

2AB^ + BA^ + 2CAy + BBy - AaiBC - 02(5^ + SAC) + 404^^ = 0, 
2CBy + BCy + 2AC^ + BB^ - Aa^C'^ + a^{B'^ + SAC) + Aa^AB = 0, 
2CCj, + BC^ + 4a2C^ + 4a35C + 04^^ = 0, 
2AD^ + DA^ + EAy + BDy - 2aiBE - 2a2{BD + 2AE) - Aa^AD = 0, 
2CDy + (BD)^ + 2AE^^ + {BE)y - Aa^EC - Aa2CD + 403^^ + Aa^AD = 0, 
2CEy + CEy + DC^ + BE^ - Aa2CE + 2a^{BE + 2Ci:') + 2aiBD = 0, 
DD^ + EDy - aiE"^ - 2a2DE - a^D'^ = 0, 
EEy + DE^ + a2E'^ + 2a3DE + a^D'^ = 0. 



Remcirk 7 The metric (3) has a tetradic presentation 



where 



rjab 



10 
1 
10 
10 



For example we get 
where 



ds'^ = 2u;W + 2u?uj^ 



u?' — dx + dy, up' — dx -\- dy 



1 



t{a2 — 04) 



{dz — dt), 



uj^ — —t{a4dx + a2dy), uP — z{asdx + aidy) + 



and 



(a2 - 04) 
Oi + 03 = 2a2, 02 + 04 = 2a3. 



{a2dz — a^^dt). 
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Remark 8 Some of equations on curvature tensors in space are connected with ODE's. For 
example, the equation 

Rij:k + Rjk;i + Rki,j = 5 

lead to the conditions on coefficients ai{x,y) 

a" + 2a3a" — 2a^ol — 0, 

(Xy + 2axOL — 2a2a = 0, 

a'y + 2a^ + 4a20i" — 2040; — 2030;' = 0, 

ax + 2a'y — 4030; + 2a20L + 2aia" — 0. 

The solutions of this system give us the the second order equations connected with the space 
with condition (5) on the Ricci tensor. The symplest examples are 

y" - -y" + = 0, y" - -y" + 2/^ = 0. 
y y 

The conditions 

Rij-k - Rjk;i = Rijk;n (6) 

also are interesed. They are connected with theory of nonvacuum Einstein spaces. 

Remark 9 The contruction of the Riemannian extension of two-dimensional spaces connected 
with ODE's of type (1) can he generalized for three-dimensional spaces connected with the equations 
of the form 

y" + Co + cix' + C2y' + €33;'^ + c^x'y' + 057/'^ + y'ipQ + 61a;' + + hx''^ + b^xy' + hy'^) = 0, 

x" + oo + aix' + a2y' + a^x'^ + a^x'y' + 05?/'^ + x'(6o + Wx' + 62?/' + b^x'"^ + Wx'y' + 65^/'^) = 0, 
where ai, bi, Ci are the functions of variables x, y, z. 

4 On the Einstein- Weyl geometry 

The relation between the equations in form (1) and 

b" = g(a, b, b') (7) 

with function gf(a, 6, b') satisfying the partial differential equation 

+ c gbbcc + '^cggbccc+ 

+g'^gcccc + {ga + cgb)gccc - ^gabc - ^cgbbc - cgcgbcc- 

-^ggbcc - gcgacc + ^gcgbc - ^gbgcc + Qgbb = (8) 

from geometrical point of view was studied by E.Cartan [14]. 

He showed that Einstein- Weyl 3-folds parameterize the families of curves of equation (5) which 
is dual to the equation (1). 

Some examples of solutions of equation (5) were obtained first in [2] . 
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Here we consider some examples of the Einsten-Weyl spaces. 

Main facts of the theory of Einstein- Weyl spaces are the foUowing [15]. 

A Weyl space is smooth manifold equipped with a conformal metric gij{x), and a symmetric 
connection 

G', = - l{u^^6^ + uj,6^ - ujw''9r,) (9) 
with condition on covariant derivation 



DiQkj — i^i9kj 

where uii{x) are components of vector field. 

The Weyl connection Gfj has a curvature tensor W^f^i and the Ricci tensor Wj^i, is not sym- 
metrical Wjj^i ^ Wi\j in general case. 

A Weyl space satisfying the Einstein condition 

l{W,i + Wi,)^X{x)g,i{x), 

with some function X{x), is called Einstein- Weyl space. 
Let us consider some examples. 
The components of Weyl connection of 3-dim space: 

ds^ = dx'^ + dy^ + dz^ 



are 



2^1 



-UJi -UJ2 -ijJ^ 
UJ2 —OJl 

uj^ —uji 



—ui oji 

—Ui —UJ2 -OJz 
UJz -0J2 



From the equations of Einstein- Weyl spaces 
we get the system of equations 



— uji 

—Uz 0J2 
—UJl —0J2 -OJz 



— ^9i3 



2A, 2L02y + LOxx + <^3z - 



2A, 



2A. 



Remark that the first three equations lead to the Chazy equation [16] 



Bl" + 2RB!' - 3R' 



l2 







for the function 

R = R{x + y + z) ^ LOi + u;2 + cos 
where cui — u!i{x + y + z) and in general case they are generalization of classical Chazy equation. 
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Einstein- Weyl geometry of the metric gij — diag{l, — e^, — e^) and vector Ui — {2Uz, 0, 0) is 
determined by the solutions of equation [17] 



^xx ~l~ ^yy 

This equation is equivalent to the equation 

(after substitution U = U{x + y = t, z)) having many- valued solutions. 
The consideration of the E-W structure for the metrics 

ds^ = dy^ - Adxdz - Audf 

lead to the dispersionless KP equation [18] 

{Ut - UU,% = Uyy. 

2. An Einstein- Weyl geometry of the four-dimensional Minkovskii space 

ds^ = dx^ + dy'^ + dz^ - dt^ 
The components of Weyl connection are 



2Gi 



-UJi 
—UJi 



-UJ2 






-UJ3 











2Go 



—Us cui 

— CJ3 UJ2 

—OOl —002 —f^S ~'-^4 

— a;4 —cus 
The Einstein- Weyl condition 



2G4 



—0J2 












—0J2 


-UJ2, 


—UJi 







—UJ2 








—UJ4 





-UJ2 


—UJ4 













—UJ4 





-UJ2 





— a;4 


-U2, 






—0J2 




—UJi 



31- 



where 
and 



dx^ dxi 



il I /^k /^n /~ik /~in 



lead to the system of equations 

<^3x + ^Iz + ^1^3 

0J2x + ^ly + ^l'^2 
OJiy + UJ2t + <^2<^4 
^<^lx + ^22/ + ~ ^4t + 

3a;2y + ujix + <^3, 
3a;4t — uj2y — uji. 



0, uj3y + uj2z + a;2a;3 = 0, 

0, UJix + ^it + <^1^4 = 0, 

0, Uiz + + ^3^4 = 0, 
2 2 _ o \ 

ujI = 2X, 



UJit -\-UJ4-UJ1 



OJit + <^4 



= 2A. 



^3z + 0^3 + 



2A. 
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5 On solutions of dual equations 

Equation (8) can be written in compact form 



d'^gcc dg^ dgbc , . „ , „ „ 

aa'^ da da 

with help of the operator 

d d ^ d ^ d 
da da ^ dh ^ dc 
It has many types of reductions and the symplest of them are 

^ = 6i-2«a;[c6°-i], g^a-^uj{c-h/a), g ^ a-^uj[h/ a,h - ac\, g ^ a^''^-'^uj[h'^ / a^^ .d^ / 

To integrate a corresponding equations let us consider some particular cases 
1. g^g{a,c) 

Prom the condition (10) we get 

72 



d^gcc dgc 



da^ ^'^ da 



where 



Putting into (11) the relation 



da da ^ dc 



Qac = -ggcc + xigc) 



we get the equation for x(^), ^ = gc 

x(x" - 1) + (x' - 0' = 0. 

It has solutions ^ ^ 

X 2^ ' X 
So we get two reductions of the equation (10) 

gac + ggcc ~ y = o 

and 

gac + ggcc ~ = 

Remcirk 10 The first reduction of equation (8) is followed from its presentation inform 

gac + ggcc - ^gc^ + cgbc - 2gb = h, 

hac + ghcc - gchc + chbc - 3/l6 = 

and was considered before. 
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In particular case h — we get one equation 

1 2 

Qac + ggcc - -^Qc + C9bc - Sg'ft = 

which is the equation (10) for the function g = g{a,c). It can be integrate with help of Legendre 
transformation (see [3]). 

The solutions of the equations of type 

^xy — ^^xx ~l~ ^^x 

was constructed in [19]. In work of [20] was showed that they can be present in form 

u^B'iy)+J[A{z)-ey]^'-^y^dz, 

x^-B{y) + j[A{z)-eyY/'dz. 
To integrate above equations we apply the parametric representation 

g^ A{a) + U{a,T), c ^ B{a) +V{a,T). (11) 

Using the formulas 

9t 

9c^—, ga=9a + 9TTa 
Ct 

we get after the substitution in (10) the conditions 
and 

So we get one equation for two functions U{a,T) and V{a,r). Any solution of this equation 
are determined the solution of equation (10) in form (11). 
Let us consider the examples. 

A^B^O, C/ = 2t-— , V^aT-2 ln(r) 
Using the representation 

\J = TUJr —00, V = UJ-r 

it is possible to obtain others solutions of this equation. 
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6 Third-order ODE's and the Weyl-geometry 

In the work of E.Cartan was studied the geometry of the equation 

r = g{a, 6, h\ h") 

with General Integral in form 

F(a, 6, X, y, Z) = 0. 

It was showed that there are a lot types of geometrical structures connected with this type of 
equations. 

More recently [21,22] the geometry of Third-order ODE's was considered in context of the 
null-surface formalism and was discovered that in the case the function g{a, b, b', b") is satisfied 
the conditions: 

(Pgr o '^9r ^dgc , 4 



- 2gr^ - 3^ + -gf + 2g,gr + 6^6 = (12) 
+ 9br = ^ (13) 



da? ^ da da 9 
d'^grr dg 



icr 



where 



da^ da 



d d ^ d ^ d ^ d 
da da ^ db ^ dc ^ dr 



the Einstein- Weyl geometry in space of initial dates has been reahzed. 

We present here some solutions of the equations (12, 13) which is connected with theory of 
the second order ODE's. 

In the notations of E.Cartan we study the Third-order differential equations 

/' = F(x,y,y',/) 
where the function F is satisfied to the system of conditions 



d^F2 dF2 dFi 4 ^ 

2 _ 2^ 2 _ 3 1 + Fi + 2F1F2 -1- 6F0 = 14 
ax^ dx dx 9 

rf^Foo dF. 



dx"^ dx 

where 



d d , d „ d ^ d 



dx dx dy dy' dy" 
We consider the case of equations 

y'" = F{x,y\y") 
In this case Fq — Q and from the second equation we have 

Ha,2 + y"H^2 + = 

where ^ 

F,2 + FF22 - ^ + y"Fi2 -2F,^H 
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With the help of this the first equation give us the condition 



H, + y"{H^-F^,)-FF, 



12 








In the case 



H = H{F2), and F = F(x, y") 



we get the condition on the function F 



Fx2 + FF22 ^ — 



F' 



The corresponding third-order equation is 



y"' = F{x,y") 



and it is connected with the second-order equation 



Another example is the solution of the system for the function F = F{x, y', y") obeying to the 
equation 
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